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Acoustic equation on semiplane

We consider acoustic equation in Ω× (0,T ) where Ω ∈ Rn, Γ := ∂Ω,

ρ(x)
∂2

∂t2
u(x , t)−

n∑
k=1

∂

∂xk
∂

∂xk
u(x , t) = 0,

u(x , t)|t=0 = 0,
∂

∂t
u(x , t)|t=0 = 0, u(x , t)|Γ×[0,T ] = f (x , t).



Acoustic equation on semiplane

We consider acoustic equation in Ω× (0,T ) where Ω ∈ Rn, Γ := ∂Ω,

ρ(x)
∂2

∂t2
u(x , t)−

n∑
k=1

∂

∂xk
∂

∂xk
u(x , t) = 0,

u(x , t)|t=0 = 0,
∂

∂t
u(x , t)|t=0 = 0, u(x , t)|Γ×[0,T ] = f (x , t).

Figure : Semiplane.



Acoustic equation on semiplane

We consider acoustic equation in Ω× (0,T ) where Ω ∈ Rn, Γ := ∂Ω,

ρ(x)
∂2

∂t2
u(x , t)−

n∑
k=1

∂

∂xk
∂

∂xk
u(x , t) = 0,

u(x , t)|t=0 = 0,
∂

∂t
u(x , t)|t=0 = 0, u(x , t)|Γ×[0,T ] = f (x , t).

Figure : Region filled by waves.



Acoustic equation on semiplane

We consider acoustic equation in Ω× (0,T ) where Ω ∈ Rn, Γ := ∂Ω,

ρ(x)
∂2

∂t2
u(x , t)−

n∑
k=1

∂

∂xk
∂

∂xk
u(x , t) = 0,

u(x , t)|t=0 = 0,
∂

∂t
u(x , t)|t=0 = 0, u(x , t)|Γ×[0,T ] = f (x , t).

Figure : Semigeodesical coordinates (γ, ζ).



Acoustic equation on semiplane

We consider acoustic equation in Ω× (0,T ) where Ω ∈ Rn, Γ := ∂Ω,

ρ(x)
∂2

∂t2
u(x , t)−

n∑
k=1

∂

∂xk
∂

∂xk
u(x , t) = 0,

u(x , t)|t=0 = 0,
∂

∂t
u(x , t)|t=0 = 0, u(x , t)|Γ×[0,T ] = f (x , t).

Figure : Semigeodesical coordinates (γ, ζ).

How to find ρ(x) in ΩT from measurements of the system’s
reaction ∂

∂nu(x , t)|Γ×[0,2T ] on boundary controls f (x , t)?
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fα ∈ L2(Γ× [0,T ]) arbitrarily closely in L2-metric.
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Basis of boundary controls

The BCM assumes that boundary controls fα(γ, t) form a basis in
Sobolev space {

fα ∈ H1(Γ× [0,T ]) | fα(γ, t)|t=0 = 0
}
.

In case of semiplane we can keep under control only a part of the
boundary and thus have to use localized basis functions.
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Boundary controls and system’s reactions

Figure : Example of basic boundary control and system’s reaction.

Figure : Example of double boundary control and system’s reaction.
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Image of x1

Figure : µ(γ, ζ) x̃1(γ, ζ), εreg = 10−5.

Figure : µ(γ, ζ) x̃1(γ, ζ), εreg = 10−5.

We expand discontinious projections Pζa(x) over smooth wave solutions
uζα(x ,T ) and thus observe Gibbs oscillations. The basis functions have
finite resolution of order of spatio-temporal scales of the highest
harmonic. All scales below the minimum ones are irrelevant, therefore we
average the result of expansion over that minimum scales by convolution

g(γ) =

+∞∫
−∞

dγ′K∆(γ − γ′) g(γ′).
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Mapping x = x(γ, ζ)

The mapping x = x(γ, ζ) is determined by ratio of images of the
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Density in semigeodesical coordinates (γ, ζ)
The density of medium ρ(γ, ζ) can be recovered from the following
property of semigeodesical rays, dl2 = (dx1)2 + (dx2)2 = c2 dζ2,
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Density in cartesian coordinates x = (x1, x2)
The end product of BCM is the reconstructed density in cartesian (real)
coordinates ρ(x) = ρ(x(γ, ζ)).

Figure : The reconstructed density in cartesian coordinates.

In central region |x1| < 0.5 the density has relative error less than 5%!
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Conclusion

1. The BCM works for acoustic equation on semiplane (unbounded
domain).

2. There is a need in regularization (Tikhonov, TSVD, etc) of linear
systems to supress a noise caused by inevitable errors in matrix
elements and right hand sides of equations for expansion
coefficients.

3. There is a need in smoothing of the resulting images of harmonic
functions by convolution with some kernel (e.g. Gaussian) to filter
Gibbs oscillations in expansions.

4. The BCM reconstruction is very simple (involves the calculation of
quadratures for matrix elements (double sums) and the solution of
linear systems (LAPACK)) and efficient.

5. The preparation of input (direct) data for BCM is rather CPU time
consuming. We have to solve the direct problem for 28 − 212

boundary controls with good accuracy.
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Outlook

1. Investigate the accuracy and spatial resolution of BCM depending
on the probing time T and the basis of controls.

2. Investigate the impact of external noises in reaction data on quality
of BCM reconstruction.

3. Apply BCM to Marmousi model of density and other realistic or
peculiar densities on semiplane.

4. Apply BCM to wave equation on circular disk, circular ring and
other interesting shapes.

5. Move to 3D and try semispace and other domains.

Thanks for your attention!
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